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ABSTRACT 

The problem of perceptual segmentation of a dot pattern 
<'On tain ing varying density clusters is considered. 
Geometrical features of the Voronoi neighborhoods of 
points are used as similarity measures to group points. A 
probabilistic relaxation labeling algorithm is designed to 
label each point as an interior or an edge point of a clus
ter, based upon the compactness and eccentricity meas
ures of the Voronoi polygons. Experimental results are 
presented. 

1. INTRODUCTION 

This paper concerns obtaining segmentation of a dot 
pattern which is in agreement with intuition. Since the 
perceived structure in a dot pattern is completely deter
mined by the relative spatial locations of dots, the pro
cess of segmentation requires a grouping of dots into sub
sets that correspond to visually meaningful clusters. In 
[lj we pointed out the role of the notion of the neighbor
hood or a point in deriving a meaningful grouping, and 
examined the use of the Voronoi neighborhood. Segmen
tation or a dot pattern consists of finding a partition such 
that the Voronoi neighborhoods of dots within a segment 
satisfy certain similarity criteria. 

In an earlier paper [8J we reported ~n algorithm for 
segmenting dot patterns containing uniform (homogene
ous) clusters. In this paper we describe experiments with 
segmenting dot patterns consisting of varying density 
clusters (Figures 1-3). Section 2 reviews the notion of the 
Voronoi neighborhood. Section 3 describes some general 
approaches to segmentation of dot patterns based on the 
Voronoi neighborhoods of points. Section 4 presents a 
segmentation algorithm that uses the Voronoi neighbor
hoods of points to label each dot as an interior point or 
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an edge point with certain direction and polarity. Sec
tion 5 reports results of applying the algorithm described 
in Section 4 to several dot patterns. Section O outlines the 
approach used in our current work on segmentation of 
general patterns containing uniform and varying density 
clusters as well as single point and curvilinear clusters. 
Section 7 presents concluding remarks. 

Figure 1 

2. VORONOI NEIGHBORHOODS 

Suppose that we are given a set S of three or more 
points in .the Euclidean plane. Assume that these points 
are not all colinear, and that no four points are cocircu
lar. Consider an arbitrary pair of points P and Q. The 
bisector of the line joining P and Q is the locus of points 
equidistant from both P and Q and divides the plane into 
two halves. The half plane Hf/(H¢) is the locus of points 
closer to P (Q) than to Q (P). For any given point P a set 
of such half planes is obtained for various choices of Q. 
The intersection n Hf/ defines a polygonal region 

QES,QfP 
consisting of points closer to P than any other point. 
Such a region is called the Voronoi [OJ polygon associated 
with the point. The set of complete polygons is called 
the Voronoi diagram of S [6]. The Voronoi diagram 
together with the incomplete polygons in the convex hull 
define a Voronoi tessellation of the entire plane (Figure 
7). Two points are said to be Voronoi neighbors if the 
Voronoi polygons enclosing them share a common edge. 

J 



We will define the neighborhood of a point P a.s the 
region enclosed by the Voronoi polygon containing P. 
The local environment of a point in a given pattern is 
reflected in the geometrical characteristics of its Voronoi 
polygon. This presents a convenient way to compare the 
local environments of different points. 

We will now describe the use of the Voronoi neigh
borhoods in a dot pattern to derive its segmentation into 
a set of clusters. 

.. 

. . . . . 

Figure 2 

Figure 3 

3. SEGMENTATION 

The Voronoi neighborhoods or the points which 
reside within the interior or a homogeneous cluster will 
have similar shapes an<l sizes. For different clusters, 
these interior polygons may differ in their geometrical 
properties. The border cells or a cluster will be open if 
there is no other cluster to bound them. The cells of the 
border points of a cluster that have neighbors in a nearby 
cluster will differ from interior cells. For example, they 
may be elongated if the distance between cross cluster 
neighbors is larger than within cluster neighbors, or tile 
nucleus of the cell may be located well off its center. 
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Clearly, a globular cluster will have a larger number of 
interior cells than will a more elongated cluster. For dot 
patterns containing varying density clusters, the interior 
cells will be compressed in the direction of increasing den
sity. This results in the dots being off the center of the 
cell in the direction of increasing density. Certain border 
cells will assume wedge-like shapes where borders of two 
clusters gradually approach each other. This is caused by 
the uneven distribution of the neighbors of a point. This 
suggests the kinds of cell featurrs to be used for defining 
a similarity measure, i.e., area, eccentricity, elongated
ness, completeness, etc. We would like to point out that 
Sibson 17] has suggested the use of the areas and 
nucleus-vertex distances of the Voronoi polygons, and the 
distances between neighboring points as statistics of a 
point pattern. Chapman 121 uses the distribution of the 
areas of the Voronoi polygons to infer the structure of 
dot patterns describing geographic concentrations of 
economic activity. He relates the degree of the local clus
tering, or nonrandomiless, to an entropy measure com
puted from the histogram of the cell areas. 

A cluster may be grown by starting from a point 
and iteratively merging similar neighbors into a cluster. 
Given the regional attributes assigned to each point, this 
approach is similar to region growing I 5, 101 in the 
Voronoi tessellation. Alternatively, decisions about the 
cluster membership of points may be taken in parallel. 
Zucker and Hummel [Ill describe a relaxation formula
tion of such an approach to label each point as an inte
rior point, a border point or an isolated point, using k
nearest neighbor definition. 

We will now describe a relaxation formulation of dot 
labeling process using the Voronoi neighborhoods of 
points . 

41 RELAXATION LABELING PROCESS 

Relaxation labeling is a technique or parallel con
straint propagation for obtaining locally consistent 
interpretations (labels) of a class of objeets (41, When the 
context allows multiple interpretations or a single object, 
the (probabilistic) relaxation process orders them accord
ing to their likelihoods. The local consistency of interpre
tations or objects is based on an a priori knowledge about 
the way objects interact. 

The segmentation problem requires labeling each dot 
in a pattern as an interior or edge point of a segment. 
Following, in brief, is a probabilistic relaxation formula> 
tion of the dot labeling problem, using the standard nota
tion 14]. 
a. The objects ai, i = 1, 2, ... , n are the dots. 

b. >-,, r = 1, 2, ... , 9 denote the dot labels, having the 
following meaning: 

>- 1 = interior point 
>-2 .. • >- 9 = edge labels with directions O, 

45, ... , 315 degrees. 



Each label on an object is assigned a probability 
measure Pi(>.,) which is defined as the probability 
that the label >., is correct for the object ai. 

c. The probabilities of the labels on each object are 
updated using the following commonly used rule: 

where 

Pikl(>.)[1+ q/kl(>.)] 
P;(k+I}(>.) 

I;p,Jkl(>.)[1+ q,.("l(>.)I 
X 

q,.(kl(>.)=EdiilEr;j(>.,>.' )p}"l(>.' )I 
j X' 

The term r;j(>.,>.') in this last equation represents 
the compatibility of the labels >. and >.' at objects ai 

and ai, respectively. 

The d;; 's denote the relative weights given to the 
neighboring objects a; 's of a,- in updating a;'s probability 
vector. In our ex pcriments d;;'s were computed as fol
lows: 

I 
gabr, • ,, 

E gabr;k 
kEN(i) 

0 

if jEN(i) 

otherwise 

where N(i) is defined to be the set of dots whose Voronoi 
polygons share sides with the Voronoi polygon of i. Here 
gabr;; is a measure (called Gabriel ratio, described in Sec
tion 4.3) of how good a neighbor-pair two given points i 
and j define. The more i and j are hidden from each other 
by an intervening cell, the poorer is their neighborliness. 

4,1. The Compatibility Relations 

The compatibility relations embody the model of dot 
clusters: the characteristics of local environments of dots 
in the interiors of clusters or along their edges, and the 
knowledge of which combinations of interpretations on 
any two neighboring dots are meaningful. 

The model of dot clusters is based on the assump
tions that interior points will often be surrounded by 
other interior points, or when edge points are present in 
the neighborhood, the interior points should remain on 
their inside. The compatibility relations used in this 
method take into consideration three geometric charac
teristics of the Voronoi polygons - compactness (or wedgi
ness), eccentricity direction, and the Gabri~! ratio. 

Figure 4 - Eccentricity e is defined as the ratio d/D. 
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Eccentricity measures how much off a point P is 
from the center of gravity Q of its polygon. It is defined 
as the ratio of the distance PQ to the radius of the 
polygon in the direction QP (Figure 4). The eccentricity 
direction is given by the unit vector e in the direction 
QP. 

The compactness measure is used to distinguish the 
interior cells from certain wedge-shaped border cells 
formed when the borders of two clusters gradually 
approach each other. The cell containing the point A in 
Figure 7 is an exnmple. The wedge-like shape of the cell 
is the result of the point being surrounded non-uniformly 
by its neighbors. The computation of the compactness 
measure is discussed in Section 4.2. 

The third measure used, the Gabriel ratio, is closely 
related to the wedginess of the cells. It measures the 
neighborliness of the Voronoi neighbors. If the line joining 
two Voronoi neighbors i and j intersects the edge shared 
by the corresponding Voronoi polygons then i and j are 
perfect neighbors. If not, the Gabriel ratio measures the 
degree by which the intersection is missed. Section 4.3 
gives the computational details. 

Figure 5 - Definition of angles and vectors involved in 
the computation of edge-edge compatibili
ties. 

In the following discussion, min(x,y), max(x,y), and 
1-x can be regarded as fuzzy operations AND(x,y), 
OR(x,y), and NOT(x), respectively, where 0~x,y~l. 
Compatibilities for three distinct types of point-pairs 
must be computed. 

(i) Both points have the label "edge" - Two points 
are both edge points if their eccentricity directions are 
aligned with the line joining i and j, but they are in 
opposite directions or at least one of them is wedge
shaped. The change in the eccentricity direction is a local 
manifestation of the change in the point density gradient 
for points where two cl.usters come together. Where this 
change occurs, there is a possibility of having a crack 
separating two edge points. 

The edge-edge compatibilities are computed for three 
different cases, 

(a) The cells for both points are complete - In this 
case the compatibility relation is computed in two parts, 
rangle and rinlrin,ic, rangle measures the compatibility of 
two edge directions and is given by r0ng1,=cos(Oi+ O;), 
(For a definition of the angles and vectors involved see 
Figure 5). rintrin,ic measures the edge-edge compatibility 
of the two cells based on their intrinsic properties; 
rintn'n,i,=/aclor(µ-1)+ 1, where factor measures the 
degree of alignment of the eccentricity directions of the 



two cells. µ is a measure based upon the change of 
eccentricity directions of the two cells a.nd their wedgi
ness measures. The expression for factor is (Figure 5) 
/ actor=min(cosa;,coso:;), Here, factor will be high if 
both of the ·eccentricity vectors are aligned with the line 
Jommg i and j. The expression for 11 is 
µ=max(dc,ww,.,ww;) where de is a measure of the 
change in the eccentricity direction, and is given by 
cos (o: ;-a;). ww; = min ( w; ,incomplcle;) where w; is the 
wedginess measure and incomplete; is the degree to which 
the cell i approaches being an incomplete cell, based upon 
the Gabriel ratio (Section 4.3). Overall, ww; will have a _ 
high value if it is supported by both the w; measure and 
the incompleteness measure. µ has a high value if either 
there is an eccentricity direction change or at least one of 
the cells has a wedge-like shape. 

If the eccentricity directions of the two cells are not 
aligned then / actor assumes a low value and rintrinti, 
reduces to l. If, on the other hand, the two eccentricity 
direction vectors are aligned, / actor assumes a value of l 
and rintrin,i, reduces to µ. 

Finally, the expression combining the two parts is 
r;i=rintrin.,·,( r •• ~, + 1)-1. 

b) Both cells are incomplete - In this case the com
patibility relation is computed based only upon edge 
direction compatibilities, because the two cells are 
definitely edge cells. Also, because both of the cells are 
incomplete, the two points cannot be on the two sides of 
a crack where two different clusters come together. 
Hence, the edge directions which form a smooth border 
providing border continuity are supported. The expres
sion for r;i is r;;=min(cos(/J;+ O;),cos(/J;-/Jj)). 

c) One of the cells is incomplete and the other is 
complete - In this case also r;i is computed in two 
parts, '•ng/e and rintrintit· Again, rang/e=:os(IJ,+IJ;), But 
rintn'n,ic depends only on the wedginess measure of the 
complete cell and not on the eccentricity-direction vec
tor. Therefore, rintn'nti< =W1: where k ( =i' or ;) is the point 
whose cell is complete. The two parts are combined to 
obtain 

r;j=rintrin,ie(r •• ~, + 1)-1 

(ii) One point has the label "interior" and the other 
has the label "edge" - Let i and j be points with the inte
rior and edge labels, respectively. Then, 

where 

factor= 

r;;=/actor[(l-ww;)(sin/J;+ 1)-1] 

{
cosa; 

min ( cosa; ,coso;) 

if incomplete cell j 

otherwise 

(iii) Both points have the label "interior" - In this 
case the compatibilities are computed based only upon 
the intrinsic properties of the cells, since there are no 
edge directions. The expression for r;; is 
r;;=f actor(2µ-l) where µ=min(l-dc,l-ww,.,1-ww;) and 
/actor= min ( coso:; ,coso; ). 
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4.2. Computing the Compactness Mea.sure 

This measure is based on certain invariants defined 
in terms of the cell's area moments [3]. Briefly, the 
(p+ q)th moment of the area of a region R is defined as 

mP9= J f xP yf dxdy 
R 

These mom en ts are transformed to obtain a set of 
measures ! 1,12, ... which are invariant under translation, 
scaling and rotation. These invariants are then used to 
derive a wedginess measure to characterize the interior 
cells, and to distinguish them from border cells. 

The wcdginess measure is computed as a linear 
weighted sum of the invariants, w= Ea;I;. The 

i 
coctricients, a;, in our experiments were obtained by a 
linear regression analysis using a training set of cells 
thought to be representative of the cluster interiors. Up 
to sixth order moments and their corresponding invari
ants were computed. 

Figure 6 - The Gabriel ratio is defined in terms of the 
two distances d and D shown here. 

4.3. Computing the Gabriel ratio 

Let two points i and j be Voronoi neighbors such 
that the line joining i and j crosses the Voronoi cell of 
some point k, where k is the Voronoi neighbor of both i 
and j. Then j is hidden from its neighbor i. The Gabriel 
ratio measures the degree of "hidenness". Let V be that 
vertex of the cell belonging to point k that is common to 
all the three points i, j, and k. Let I be the intersection 
point of the line joining i and j and the line joining k and 
V. Let d be the distance from k to I and let D be the dis
tance from k to V (Figure 6). Then the Gabriel ratio for 
an arbitrary pair of Voronoi neighbors i and j is given by 

IY 
if line ,7 intersects fV 

gabr;;= if ,7 does not int erBect fV 
if ,7 does not intersect cell k 



The' more hidden the points i and j are from each other 
the smaller is gabrij· Thus, gabr.-1 measures the neighbor
liness of two Voronoi neighbors i and j. 

Also, t.he incompleteness measure incomplete.- of a 
cell belonging to point i can be computed based upon the 
Gabriel ratios of the adjacent (say clockwise) pairs of 
neighbors of i, as follows: 

incornplete.-=l- TI gabri,i+ 1 
fEN(i) 

For cells that are completely surrounded by compact 
cells, the value of the measure is replaced by 0. Thus, the 
original value is viewed as noise. For each cell the value 
of the ml'asure is compared with the values of its neigh
bors, and is modified as follows: 

newincomplete.- =incomplete.-( 1- TI ( l-incompletek )) 
kEN(i) 

Thus if there is at least one neighbor with a high value, 
then the original measure value is retained. 

Figure 7 - The Voronoi tessellation of the dot pattern 
shown in Figure 2. 

6, EXPERIMENTAL RESULTS 

The segmentation algorithm of Section 4 was run on 
dot patterns shown in Figures 1 through 3. The results 
are shown in Figures 8 through 10. 

As can be seen in Figures 8 through 10, the algo
rithm performs the segmentation correctly. The conver
gence rate of the algorithm in these examples with vari
able density is slower than for the case of uniform pat-
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terns [8]. This is mainly due to the fact that in the vari
able density patterns many locally ambiguous labelings 
are possible, and the correct interpretation must await 
the propagation of global information. 

Also, becau~;e of certain local ambiguities we are get
ting extra edges in some of the examples, such as the 
centers of the gaussian clusters. But this ambiguity is 
inherent in our compatibility relations which detect an 
edge where the density gradient direction changes. Hence, 
the two places where there is such a gradient direction 
change, namely the borders where two clusters come 
together, and the core's of gaussian cluster, the algorithm 
finds edges. The holes at the centers of the gaussian clus
ters can be eliminated as long as the major segments are 
found and separated from each other by the algorithm. 
One may not want to eliminate the hole in the center in 
all cases. For ex ample, if the hole is too large compared 
to the interpoint distances in the cluster, then humans 
also see it as the central hole in an annular cluster. 

I' 

Figure 8 -
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The result of segmenting the pattern in 
Figure 1. 

6. CURRENT RESEARCH 

Currently work is being done on a unified algorithm 
which will be able to deal with arbitrary patterns con
taining uniform and varying density clusters as well as 
single points and curvilinear clusters. The representation 
used in the algorithm presented in this paper, namely, 
assigning interior and border labels to dots, is not ade
quate for handling all types of clusters. Specifically, it 
cannot represent clusters which do not contain interior 
points such as curvilinear clusters and single points. 

In order to handle a general dot pattern uniformly, 
we use a representation that treats the edges in the 
Delaunay graph as the objects and labels them as either 
present or absent. In the final result there will be a path 
between any two points belonging to the same cluster 
and there will be no path between points belonging to 
different clusters. The Delaunay edges between points in 
adjacent clusters will defiue inter-cluster cracks, and will 
be labeled as absent. Thus, the cluster borders, if neces-



sary, will have to be extracted as a sequence of points 
from a spatial ordering imposed on the edges labeled 
"absent". The algorithm still relies upon the geometric 
properties of the Voronoi polygons, such as area and 
eccentricity direction, as well as on Gabriel ratio and dis
tances between points. Local density changes are being 
considered in addition to the properties of the Voronoi 
cells described in this paper. Operators analogous to the 
digital gradient and the Laplacian arc being devised to 
detect density gradient. Experiments using this approach 
arc currently in progress. 
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Figure 9 - The result of segmenting the pattern in 
Figure 2. 
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Figure 10 - The result of segmenting the pattern in 

Figure 3. 

7. CONCLUSIONS 

Analysis of dot patterns requires a sound notion of 
the local environment of a point. We have used the 
Voronoi neighborhoods of points to characterize the local 
structure because of the many intuitively appealing pro
perties of such neighborhoods [IJ. We have described an 
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algorithm to segment dot patterns that contain clusters 
having variable density. The criteria for grouping pain ts 
to define segments are based upon the eccentricities and 
shapes of the Voronoi cells. 

The relax at ion algorithm described in this paper 
works only for patterns which contain varying density 
clusters. It cannot handle patterns with homogeneous 
clusters or wit.h a mix turc of the two types of clusters as 
well as single point clusters and curvilinear clusters. 
Work on developing a unified algorithm for segmenting 
an arbitrary dot pattern is in progress. . -
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