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ABSTRACT 

The problem of segmenting a dot pattern into its 
homogeneous cluster components is considered, Geo
metrical features of the Voronoi neighborhoods of 
points are used as similarity measures to group 
points. A probabilistic relaxation labelling algo
rithm is designed to label each point as an interior 
or an edge point of a cluster, based upon the area 
and eccentricity values of the Voronoi polygons. 
Experimental results on segmentation of several dot 
patterns are presented, 

1. INTRODUCTION 

This paper concerns segmentation of dot pat
terns which is in agreement with intuition. The 
process of segmentation requires a grouping of dots 
into subsets that correspond to visually meaningful 
clusters (segments). Segmenting a uniform (homogen
eous) dot pattern involves finding a partition such 
that the dots within each segment have similar envi
ronments. In [l] the use of Voronoi neighborhoods 
was outlined to represent a point's environment. 
The validity of the segmentation obtained is 
judged by how closely it resembles the segmentation 
produced by the hu:nan visual system. 

In this paper we describe experiments with 
segmenting dot patterns in which each cluster has 
homogeneously placed dots. Section 2 reviews the 
notion of the Voronoi neighborhood of a point that 
is used in Section 3 to describe approaches to seg
mentation. Section 4 presents an algorithm that 
uses the Voronoi neighborhoods of points to label 
each dot as an interior point or an edge point with 
certain direction and polarity. Section 5 reports 
results of applying the algorithm described in 
Section 4 to several dot patterns. Section 6 pre• 
sents concluding remarks. 

2. VORONOI NEIGHBORHOODS 

Suppose that we are given a set S of three or 
more points in the Euclidean plane. Assume that 
these points are not all colinear, and that no four 
points are cocircular, Consider an arbitrary pair of 
points P and Q, The bisector of the line joining p and 
Q is the locus of points equidistant from both P and 
Q and divides the plane into twq halves. The half 

p lam~ H~ (H~) is the locus of points closer to P (Q) 

than to Q(P), For any given point Pa set of such 
half planes is obtained for various choices of Q, 
The intersection n Ji3 defines a polygonal 

Qi:~, Q#P --,, 

region consisting of points closer to P than to any 
other point, Such a region is called the Voronoi 
[7] polygon associated with the point. The set of 
complete polygons is called the Voronoi diagram of 
S [5]. The Voronoi diagram together with the 
incomplete polygons in the convex hull define a 
Voronoi tessellation of the entire plane._ 

The region enclosed by the Voronoi polygon 
containing p will be considered as the neighborhood 
of P, -The local environmerit:of-a point- :l.n a 
given-pattern is reflected in the geometrical 
characteristics of its Voronoi polygon. This 
presents a convenient way to compare the local 
environments of different points. Two points P and 
Qare said to be Voronoi neighbors -if the Voronoi 
polygons enclosing them have a cominon border. 

. 3. SEGMENTATION USING VORONOI NEIGHBORHOODS 

The Voronoi neighborhoods of the points which 
reside within the interior of a homogeneous cluster 
will have similar shapes and sizes, For different 
clusters, these interior polygons may differ in 
their geometrical properties. The border cells of 
a cluster will differ from the interior cells 
because of sudden density changes, As a result they 
may be open, elongated, larger, eccentric, etc. 
This suggests the kinds of cell features to be used 
for defining a similarity measure, i.e., area, 
eccentricity, elongatedness, completeness, etc, The 
use of cell-areas, and the nucleus-vertex and inter
point distances has been suggested earlier [2,6). 

A ~luster may be grown by starting from a point 
and iteratively merging similar neighbors into the 
cluster. Given the regional attributes assigned to 
each point, this approach is similar to region 
growing [4,8] in the Voronoi tessellation. Alterna
tively, decisions about the cluster memberships of 
points may be taken in parallel. Zucker and Hummel 
[9) describe a relaxation formulation of such an 
approach to label each point as an interior point, 
a border point or an isolated point, using the 
k-nearest neighbor definition. 

We will now describe a relaxation formulation 
of dot labelling process using the Voronoi neighbor
hoods of points. 

4, RELAXATION LABELING 

Relaxation labeling is a technique of parallel 
constraint propagation for obtaining locally consis
tent interpretations (labels) of a class of objects 
[3]. When the context allows multiple interpreta-
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Figure L- (a) A homogeneous point pattern, 
the segmentation algorithm. 

(b) its Voronoi tessellation, and (c) the result of 

tions of a single object, the (probabilistic) relax
ation process orders them according to their likeli
hoods. The local consistency of interpretations of 
objects is based on an~ priori knowledge about the 
way objects interact, 

The segmentation problem requires labeling each 
dot in a pattern as an interior or edge point of a 
segment. Following, in brief, is a probabilistic 
relaxation formulation of the dot labelling problem, 
using the standard notation (3). (a) the objects 
a . , i = 1, 2, ••• , n are the dots; (b) A , r = 1, 

i r 
••• , 9 are the labels, where "-i denotes interior 

point and "- 2 , ••• , "- 9 den_ote edge labels with dire-==

tions 0°, 45°, ••. , 315°. Each object is assigned a 
set of probabilities pi O,.j), 1 s j S 9, representing 

the probabilities that object a. has label)..,. The 
l. J 

probabilities of the labels on each object are 
updated using the nonlinear formula given in [3), 

4.1 The Compatibility Relations 

The compatibility relations embody a model of 
dot clusters, They represent characteristics of 
local environments of dots in the interiors of 
clusters or along their edges, and the knowledge of 
which combinations of interpretations on any two 
neighboring dots are meaningful. The model of dot 
clusters is based on the assumptions that interior 
points will often be surrounded by other cluster 
points, or when edge points are present in the 
neighborhood, the interior points should remain on 
their inside, The compatibility relations used take 
into consideration two geometric properties of the 
Voronoi polygons, area and eccentricity, Eccentric-. 
ity measures how much off a point Pis from the 
center of gravity Q of its polygon, It is defined 
as the ratio of the distance PQ to the radius of the 
polygon in the direction PQ, Compatibilities for 
three distinct types of cases must be computed, 

(i) Both points have the labe 1 "interior": 
rij(int,int) - The compatibility rij(int,int) for 

polygons i and j is computed as the normalized sum 
of two terms, P and P , where P = 

-0! -A . • area ecc area A 
2e l. l.J-1 and P = -(ecc. + ecc.), Here A .. = 

ecc J. J J.J 
I Area, - Area.J and O!, is computed using a smoothed 

l. J l. 
histogram of the areas of the polygons, The number 
of modes of the histogram is determined, and for 

each mode the variance 0
2 is computed. Then c;i is 

taken as K/ cr where cr is the standard deviation of 
the mode to which point i belongs, and K is a uni
versal constant. K = .7 was used in our experiments, 

(ii) One point has label "interior" and the 
other has label "edge": r .. (int, edge) - This 

l.J 
compatibility is computed as the normalized sum 

of two terms, Pdir and pecc' r ij (int, edge) 

pdir + p 
ecc 

where Pdir = sin (0 - e"-) (Fig, 3a), and 
2 

p (1 - eccint)Tij - eccint' Here Tij 4}, ecc 

...... ... ... V1•V2 

Jvi'~zl 
v

1 
and v

2 
being vectors denoting the 

locations of points i and j with respect to the cen
ter of gravity of the cell containing j (Fig. 3c). 
Pecc gives the compatibility measure of one point 

being interior and the other one being an edge point, 
based on the eccentricities of the two points. Pdir 

is a measure giving the best edge direction assuming 
an interior-edge _labeling for the two points, 
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Figure 2 - The result of segmentation on two other 
patterns. 

(iii) Both dots have the labe 1 "edge": 
rij(edge, edge) - This compatibility is computed as 

the normalized sum of Pdir and Pecc (analogous to 

Pdir and Pecc above), where 

., 
t 

t 

.,, 



(see Fig. 3b) and Pecc 

• eccj (1-ecci)Tij - 1. 

ecci+eccj·ecci(l-eccj)Tji 

Thus, 
pdir + pecc 

rij(edge, edge)= 2 

The initial probabilities are assigned based on 
compatibilities, For incomplete cells we know that 
Pi(int) = O. For the remaining cases, the probabil-

ity of the label ).. at a point i is computed as 

P. (A)= P' (A) /r, P' on 
1. i 1'.' i 

where 1 f (r i • 0.. ,)..' ) +1)] P~()..) =-r, max J 
2 

• , 
1. n jE:Neighbor (i) 1'.' 
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Figure 3 -
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The angles involved in different ciampat
ibilities: (a) interior-edge, (b) edge
edge, and (c) the vectors involved in 
the computation of T .. 

l.J 

5, EXPERIMENTAL RESULTS 

The segmentation algorithm of Sec, 4 was run on 
several dot patterns, The results are shown in 
Figures 1 and 2. The algorithm converges to the 
"correct" result very quickly (usually in less than 
ten iterations, except for patterns which have 
ambiguous points). The initial labelings based on 
the areas and eccentricities are remarkably close to 
the final results. This is due to the power that 
the Voronoi tessellation has in assigning spatial 
features to the dots in the distribution, 

Certain amb1:guities exist in some of the pat
terns as a result of which the algorithm converges 
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to the final result slower, or the ambiguity is never 
removed, There are points where local environment 
suggests labels which are in conflict with their 
global interpretations. However, as a result of the 
relaxation process they are eventually assigned the 
correct labe 1. 

The isolated noise points in the pattern (e.g., 
dot C·in Fig. 2a) are being labelled as edges. This 
is due to the fact that we do not have a noise point 
label in our scheme, 

6. CONCLUSIONS 

Analysis of dot patterns requires a sound notion 
of the local environment of a point. We have used 
the Voronoi neighborhoods of points to characterize 

the local structure because of the many intuitively 
appealing properties of such neighborhoods [1], We 
have described an algorithm to segment dot patterns 
that contain homogeneous cluster components. The 
criteria for grouping points to define segments are 
based upon the areas and eccentricities of the 
Voronoi neighborhoods, 

The relevance of the Voronoi polygons as power
ful descriptors of the local structure in dot pat
terns is demonstrated by the initial probability 
vectors obtained to seed the relaxation updating. 
Th~ initial probability vectors of most points heav
ily favor the correct labels. The relaxation pro
cess does not have to iterate for long except in 
cases of patterns with ambiguities - most patterns 
were correctly labelled within ten iterations. The 
use of parameters other than the area and eccentric
ity used in our experiments would be expected to 
expedite convergence of the relaxation labelling 
process, 
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