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1 Decimal Notation

What does it mean when we write 495? How do we figure out what the value of the number is. In
this example, the digit 5 is called the units digit, 9 is called the tens, and 4 is called the hundreds.
To figure out what the value iswe add

4x100+9x10+5x1=495

Thisiswhat it meansto write a number in decimal notation. Another way of saying it isthere are
4 100 units bunches, 9 ten unit bunches and 5 units. It is hard to see what’s happening because the
way we represent the numbers and the way we say the value of the number are embedded in the
language. That is, in the English language, the way numbers are said (not all but most) is based on
the decimal system. Another way to look at the above equationiis:

4 x10%+9 x 10" + 5 x 10° = 495
A number of pointsto note here:

e 10 isthe base unit

e How much each digit contributesto the total value depends on its position in the notation.
Definition: Theideaof giving symbolsdifferent valuesthat depend on wherethey arewritten
and using O’'s to fill empty positionsis called the positional-number system

e For base 10 (decimal) system, there are 10 symbols (digits) used: 0, 1, 2, 3,4, 5,6, 7, 8, 9.
Why?



2 Binary System

e Base = 2. Instead of using 10 as the base, we use 2.

e Symbols (digits) used: 0 and 1. The coefficients for each power of 2 in the positional repre-
sentationisO or 1.

Example:
(1101)y =?
To get theanswer for this, we plug inthe powersof 2 at each position and multiply by the coefficient.

&)1

I1x24+1x224+0x2"+1x2°
I1x8+1x44+0x2+1x1
= (13)10

Thisis conversion from binary to decimal system.

(1101),

2.1 Conversion from decimal to binary

Given adecimal value v, how do we find its binary representation? We start with the binary expan-
sion of v asfollows:

(U)lo = an2n + an—12n_1 + -4 a121 + CL020

where v isthe decimal value of the binary number represented by a,,a,, 1 - - - a;ag. The problem of
converting from decimal to binary isto find the coefficients a; for i = 0, - - -, n, given the decimal
value v. How do we do this? Looking at the expanded version of the binary number, we seethat if
we divideit by 2 and take the remainder, we would obtain ay. That is,

_ | quotient  @,2" '+ ap_12" %+ ---ay2°
()10/2 = { remainder aq

Now we repeat this division by 2 on the quotient after the first division and we get a remainder of
a1, and so on. Aswe repeat this process, we get each one of the bits (digits of the binary number)
in sequence from least significant bit (coefficient of 2°) to the most significant bit (coefficient of
2m).

Example:

(13)10 = what in binary?
We use repeated division by 2 and take the remainders:
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quotient | remainder | which position
13/2 6 1 20
6/2 3 0 2!
3/2 1 1 22
12 0 1 23

S0, putting the remainder bits in the correct positions, we obtain

Another example:

(6786)10 = what in binary?

We do the repeated division:
guotient | remainder | bit position

6786/2 | 3393 0 20
3393/2| 1696 1 2!
1696/ 2 848 0 22
848/ 2 424 0 23
4241 2 212 0 24
212/ 2 106 0 2°
106/ 2 53 0 26
53/2 26 1 27
26/2 13 0 28
13/2 6 1 29
6/2 3 0 210
3/2 1 1 21
1/2 0 1 212

So, putting the bits together in the correct positions, we get

2.2 Reasonsfor using binary numbersin a computer based system

A computer based system is made up of electronic circuits. The components of these circuits (e.g,
atransistor) carry two states, a low and a high charge. Manipulating the charges so that they can
do something of use iswhat the computer does. The binary number system iswell suited for this
manipulation because it is atwo state number system. It can be use as a model of the computer’s
circuit'switha’ 0’ representingalow chargeanda’l’ asahigh charge. By manipulating the circuits
of the computer system to behave like the binary number system, the computer is able to perform
calculations, the bases of all it’s operation. Other number systems can be used, but the difficulty of

(6786)10 = (1101010000010),

creating more than two states makes them impractical.

3




3 Binary Arithmetic on Integers

We define the basic operations:

Addition: 0+0=0;0+1=1;1+0=1;and1+1 =10

We do the addition of binary numbers just like decimal humbers: add digit by digit, taking into
account the carries.

Example: (13)10 + (5)10

carries +1 +1 decimal number
first number 1 1 0 1 = 13
second number 0O 1 0 1 = 5
sum 1 0 0 1 0 = 18

Multiplication: Similar to long multiplication in decimal system.
Example: (33)10 X (5)10

First number 1 00 001 = (33)
Second number X 1 01 = (5
First partial result 1 00001

Second partia result 0 00 O0OO0OO
Thirdpartialresult + 1 0 0 0 0 1

Final sum 1 01 0010 1 = (165

Signed Number Representations

For subtraction, we need away to represent negative numbers (or signed numbers). Thereaanum-
ber of different representations. Below we give four of them. In al of the following, we assume
that we have fixed the number of bitsto represent numbers. Thisis becausein most representations
the sign bit tends to be placed in the leftmost bit location, and one has to know where the leftmost
bit location is.

1. Signed magnituderepresentation: Simplest representation. The leftmost bit isthe sign bit
and the remaining bits are the magnitude represented as above.

[1]2]3[4[5]6]7[8]

Here bit 1 isthe sign bit and bits 2-8 are the magnitude bits. Sign bit = 0 means a positive
number and sign bit = 1 means a negative number.

Example:

(+5)10 = 00000101
(=5)10 = 10000101



Problems are, treating the sign bit separately makes the hardware more complicated in order
to take care of special conditions. Also in this representation we get two 0's

(+0)1e = 00000000
(=0)1p = 10000000

Non-uniquerepresentation for 0'sal so complicates certain operationsin hardware (e.g., com-
parison with 0) more complex. So this propery is not desirable.

. Excessrepresentation: For agiven fixed number of bits, weremap therange such that roughly
half the numbers are negative and half are positive. Here is an example of excess-8 notation
for 4-bit numbers:

Binary value | notation | excess-8 value
15 1111 7
14 1110 6
13 1101 5
12 1100 4
11 1011 3
10 1010 2

9 1001 1

8 1000 0

7 0111 -1
6 0110 -2
5 0101 -3
4 0100 —4
3 0011 -5
2 0010 —6
1 0001 =7
0 0000 -8

S0, hereiswheretheterm excess-8 notation comesfrom: binary value = 8+ excess-8 value”.
Theleftmost bit in this case can also be used asthe sign bit: sign bit = 1 means positive num-
ber and sign bit = 0 means negative number.

In a similar manner, excess-64 notation will use 7 bits and represent numbers between —64
to 63 both inclusive: excess-64 value = binary value — 64.

. One's complement representation: Negative numbers are represented by complementing
al the bits in the binary representation of the magnitude. Complementing in binary means



changing all the 1'sto O’'sand all the 0’sto ones. It is represented by the tilde (~) character.
So~1=0and~ 0= 1. Let'sassume 8 bit long numbers.

Example:

(+5)10 = 00000101
(=5)10 = ~ (00000101) = 11111010

Once more the leftmost bit can be regarded asthe sign bit. Sign bit = 0 means positive num-
bers and sign bit = 1 means negative numbers.

Disadvantage once more is the non-unique representation for 0.

. Two’'scomplement representation: Thisisrepresented by taking the one’scomplement rep-
resentation and adding 1.

Examples:

(+5)10 = 00000101
(=5)10 = ~ (00000101)+1=11111010+ 1 = 11111011

(+0)10 = 0000 0000
(=0)1 = ~ (0000 0000)+ 1 =11111111+ 1 = 10000 0000
The leftmost bit in this caseis dropped because it is the ninth bit. So we get

—0 = 0000 0000

Thus, we now have a unique representation for O in two’s complement.

Subtraction: Thesubtractionisaccomplished by adding the negative of the subtrahend. That is, to
perform the subtraction a — b, we perform a+ (—b). Thisiseasy to perform with two’s complement
notation.

a—b=a+ (b)2scomplement
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Example:
Compute 7 — 3.

7—=3=T+ (3)2's complement

7 0000 0111
-3 + 1111 1101
sum 1 0000 0100
overflow
bit
discarded

S0, (7 = 3)1p = (0000 0100) s complement = 410-

4 Octal Representations

Octal representations are base-8 representations which are sometimes used in computer science to
present long binary (base-2) codes in a more compact (or, shorter) fashion. Basically, each octal
digit (symbol) encodes three binary digits (bits). So conversion between octal and binary represen-
tations are quite straightforward. An n-digit octal number, a,, 1a, 2 - - - aiaq iSrepresented by the
sum

U1 X 8" g, o x 824 --q; x 8 +ay x &°

We only need 8 digits for octal numbers: {0, 1, 2, 3,4, 5, 6, 7 }. The conversions back and forth
between octal and decimal are done in exactly the same manner as between decimal and binary. To
convert from octal to decimal, we evaluate the above sum. To convert from decimal to octal, we
perform repeated divisions by 8, and take the remainders as the digits of the octal number.

Example: Convert the decimal number 94 to octal. To do thiswe perform repeated divisions by 8:

number | operation | quotient | remainder | octal digit
9 94 =8 11 6 ag =6
11 11+38 1 3 ap =3
1 1+8 0 1 a, =1
0 stop stop stop stop

Therefore, (94)1o = (136)g. We can check this by plugging the octal digitsinto the sum:
Ix8+3x8 +6x8 =64+24+6=094.

One specia property of number representationswhose baseisapower of 2 (such asoctal) isthat the
conversion between thisand base 2 (i.e., binary is as simple as writing the binary representations of
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eachdigitisandjust inserting themin place of the digit; or grouping bitsin the binary representation
and replacing them withtheequivalent digit. So, for octal numbers, since8 = 23, wework ingroups

of 3 bits. We can write the binary representation for each octal digit:

So to convert octal 136 to binary, | substitute for each octal digit its equivalent in binary givenin

octal | binar

y

0 000

001

010

011

100

101

OO B WN

110

7 111

the table above. Thisgives me

Ix 2P+ 1 x22+1x22+1x22+1x2'=64+16+8+4+2=(94)

(136)5 = (001 011 110),

And if we evaluate this binary number we get:

5 Hexadecimal Numbers

Hexadecimal systemisbase-16 number representation system. An n-bit hexadecimal number, a,,_1a,_2

is represented by the sum

We need 16 digitsto represent hexadecimal numbers: {0, 1,2, 3,4,5,6,7,8,9,A,B,C,D,E, F }.
The conversions back and forth between octal and decimal are done in exactly the same manner as
between decimal and binary or octal. To convert from hexadecimal to binary, we evaluate the above
sum. To convert from decimal to hexadecimal, we perform repeated divisions by 16, and take the

Qp1 X 16" 1+ a, 9 x 16" 24+ ---q; x 16" + gy x 16°

remainders as the digits of the hexadecimal number.

Example: Convert decimal 94 to hexadecimal representation. To do this we perform repeated di-

visions by 16:

Therefore, (94)1 = (5E)16. We can check this by plugging the hexadecimal digitsinto the sum:

number | operation | quotient | remainder | hex digit
94 94 + 16 5 14 ag=FE
5 5+ 16 0 5 a; =95
0 stop stop stop stop

5x 16+ E x 16° = 80 + 14 = 94.
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Base 16 isapower of 2 just like the octal system is. Do the conversion between hex and binary by
grouping bits (of four in this case) applies equally. We write the binary equivalentsfor each of the
hex digits:

hexadecimal | binary
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

MmO O @I olo NN w N R o

So, to convert hexadecimal 5E to binary, we substitute the binary codes for each of the hex digits:
Which when evaluated will yield

Ix24+1x2+1x 2P +1x22+1x2' =64+ 16+8+4+2=(94)1

6 Fractional Representationsin Binary

The fractional numbersin binary are represented just like in the decimal system that we are used
to: with afractional point indicating where the base to the power of 0 ends. So in decimal system
when we write the number 456.5, we mean

4%x1024+5%x 101 +6 x10°4+5x 1071

Thefractional pointin 456.5 separatesthe 10° from the negative powersof 10. Thebinary fractional
representation works in the same way, except we have abase of 2 instead of 10. So, when we write
the binary fraction 101.11, we mean

I1x224+0x2'+1x2°+1x2714+1x272



6.1 Conversions

Going from binary to decimal issimilar to evaluating the integer representations. For abinary num-
ber with n bits for the integer part and m bits for the fractional part, we evaluate the sum:

o1 X 2" Vb ay ox 224 i gex204a_yx27 4o, x27™
Converting from decimal to binary works as follows:

1. Theinteger part is converted just like before: with repeated division by 2 and taking the re-
maindersin the order from LSB to MSB.

2. Thefractional part is converted after a reasoning similar to how we derived the conversion
of theinteger part. A fractional part with mbits, 0.a_,a_» - - - a_,,, iSrepresented by the fol-
lowing sum:

a1 x2 ' ta 9ax22 4. 4a_, x27™

Now, if we multiply this by 2, we get the sum:
a_1+a_9X 2t +---ta_, X g-mtl

which meansthat the a_; isthe coefficient of 2° we get after the multiplication. Now, we can
multiply the fractional part of the result by two and get a_,, and so on, until we get al the
bits.

Example: Convert thedecimal number 5.625 to binary fractional representation. Here’'show
it works. Wefirst convert the integer part, 5, to binary. | will not go over thisin detail, but we
perform repeated divisions by 2 on 5 and get the string 101 for its binary representation from
the remainders of each division. We are now left with the fractional part to convert. We start
by multiplying by two and get the resulting whole part of each multiplication result. Here's
how it works.

fraction | operation | result | binary bit
0625 |2x0625| 125 | a1 =1
0.25 2x025 | 05 | as=0
0.5 2x0.5 10 | a3=1
0.0 stop stop stop

So, the resulting binary representation of (0.625)14 is(0.101),. Putting thistogether with the
integer part we get, (5.625)10 = (101.101)5.

7 Machinerepresentation of floating point numbers

We saw above how to represent integers and binary fractions in the machine. The floating point
representation is another way to represent real numbers in the hardware in afixed number of bits.
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Since we have a fixed number of bits (usually 32 bits for single precision and 64 bits for double
precision, athough this can vary from machine to machine), we would like to have a presentation
which can represent awiderange of thereal numbers. Once more, noticethat for any fixed precision
representation, we will only have afixed number of possible bit combinations. For example, for 32
bits, we have 23? possible combinations of 0’'sand 1's. So the question becomes what we do with
these 232 possibilities. Basically, we will regard each of these possible combinations of binary bits
as samplesfrom the redl line.

There are a number of different floating point formatsin the industry. Different vendors may have
different formats for representing floating point numbers. For the purposes of this discussion, we
will use the IBM System/370 floating point format. The IEEE standard floating point format is
similar to this with some differences which we will mention later.

The 32 bit single precision floating point format for IBM 370 is asfollows:

sign | exponent | mantissa
1bit | 7 bits 24 bits

We need to pick aradix withwhich we caninterpret thebit pattern given above asarea number. The
IBM format uses radix 16. Here the exponent is excess-64 notation. The number in the exponent
field will represent the radix (16 in this case) raised to this number. The sign bit of the number
(leftmost bit) is O if the number is positive and 1 if it is negative. The mantissais a normalized
fractional representation using the radix asthe base. Normalized mantissameansthat the digit after
the fractional point is non-zero and if needed the mantissa should be shifted appropriately to make
this digit non-zero and the exponent adjusted appropriately.

Example:

What is the value of the following floating point number?

| 11000010 | 1001 0011 1101 0111 1100 0010 |

First, thisnumber is negative becauseitssign bitis 1. Theexponent (1000010) hasabinary value of
66. But sincethe exponent isin excess-64 notation, it isrepresenting the value 2. Now, we compute
the value of the mantissa. The mantissais 1001 0011 1101 0111 1100 0010 which in hexadecimal
iIs93D7C2. Thisisthe normalized fractional representation and theimplicit fractional point isright
before the digit 9. Putting all of this together, the value of the above floating point number is:

—(9x16+3x1624+Dx162+7x167"+C x 167° +2 x 167°) x 16
—(Ox 167 +3x 162 +13x 162 +7x 167" +12x 167° +2 x 167°) x 167
= —(Ox16'+3x16°+13x 161 +7x 16 2+12x 16 *+2x 16 %)
= —(144 + 3 + 0.8125 + 0.02734375 + 0.0029296875 + 0.000030517578125)
—147.842803955078125

Example:
What is the value of the following floating point number?

[ 1] 0111110 [ 1100 1010 0100 1101 1010 1011 |
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Once again, the sign bit is 1, so the number is negative. The exponent (0111110) has a binary
value of 62. In excess-64 notation this corresponds to an integer value of -2. So the exponent is
-2. Now we compute the mantissajust like the first example above. The mantissain hex notationis
CA4DAB, with theimplicit fractional point being at the |eft before the C. Putting all this together,
we get

—(Cx16 ' +AXx1624+4x162+Dx167*+Ax 1675+ B x 167%) x 1672
—(12x16 ' +10x 16 24+4x16 >+ 13x 16 *+10x 16 ° +11 x 16 %) x 162
= —(12x16° +10 x 16" +4 x 16> + 13 x 16 + 10 x 16" + 11 x 16°) x 167®
—(12 x 1048576 + 10 x 65536 + 4 x 4096 + 13 x 256 + 10 x 16 + 11) x 16°
= — (12582912 + 655360 + 16384 + 3328 + 160 + 11) x 16 *
—13258155 x 167°
0.00308690476231

Definition: The number of place values used to represent anumber is called the precision.

M ost single precision floating point numbersare represented by 32 bitsalthough thismay vary from
specific machineto machine. Double precision floating point numbersuse 64 bitsto storethevalue.
The organization is given below. For 32 bit numbers we have:

sign | exponent | mantissa
1bit | 7 bits 24 bits

And for 64 bit double precision numbers we have:

sign | exponent | mantissa
1bit | 7 bits 56 bits

The specid string of al 0's represents the value of 0 in the IBM 370 format.
Now we can answer the following questions:

e What isthe largest single precision number we can represent?

Thiscan bederived fromthe bit patternin the 32 bit representation. The exponent isallocated
7 bitsand for the largest valueit hasto have al the bits set to 1. The mantissaalso hasto have
all the hexadecimal digits set to F, and the sign field hasto be 0. So, we get the following bit
pattern:

\ 0 \ 1111111 \ 1111 1111 1111 1111 1111 1111 \

The exponent in excess-64 representation represents the value of +63. The value of the total
number then is:

(Fx16 '+ Fx16 2+ Fx16 °+Fx16 *+Fx16 %+ F x 16 ) x 16%
~ 1x167% ~ 1077
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e What isthe most negative single precision number we can represent?

The bit pattern for the mantissa and exponent would be similar to the largest positive sin-
gle precision number given above (i.e., the absolute values should be the maximum in both
cases). The sign bit would be negative in this case. So, the bit pattern would be

‘ 1 ‘ 1111112 ‘ 1111 1111 1111 1121 1111 1111 ‘

Which going through asimilar analysis as above would result in this number being approxi-
mately —10*76,

e What isthe smallest positive single precision number we can represent?
The bit pattern in this case would be

| 0 | 0000000 | 0001 0000 0000 0000 0000 0000 |

Thefirst hexadecimal digit in the mantissain this case is non-zero because of normalization
and the smallest non-zero hex digit is 1. The exponent is the most negative it can be (-64 in
excess-64 notation in this case). So putting all these together we get the value of the number
to be

+(1x167) x167% =167~ 107"

e What isthe least negative single precision number?

Thisissimilar to the smallest positive number, only the signis negative. So the bit patternin
this case looks like:

‘ 1 ‘ 0000000 ‘ 0001 0000 0000 00O 0000 0000 ‘

and itsvalueis approximately —10~78.

The |EEE floating point standard 754 is similar to the IBM 370 format. Here is the |EEE format
for 32 bit single precision numbers:

sign | exponent | mantissa
1bit | 8bits 23 bits

And for 64 bit double precision numbers we have:

sign | exponent | mantissa
1bit | 11bits | 52bits

Theradix in IEEE format is 2. Let’slook at the single precision, 32-bit case. The |IEEE standard
defines special values for some of the special strings of bits which are given in the following table
(s isthe sign bit):
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Exponent, e | Mantissa, f Value
255 #0 NaN (not-a-number)
255 0 (—1)%*c0
0<e< 255 — (—1)52¢7127(1.f)
0 #0 (=1)°2712%(0. f)
0 0 (—=1)%0

For thevalues of the exponent intherange 1 to 254 (thevalues 0 and 255 are treated as special cases
asis seen in the table above), the exponent isin excess notation with arange of —126 through 127.
In this case, the mantissaisinterpreted as a normalized number in which the bit immediately to the
left of the fractional pointisimplied (i.e., it isnot explicitely represented). Therefore, the mantissa
is effectively 24 bits even though physically there are 23 bits all ocated.
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