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1 Lists

Up to now wehave talkedaboutlists in aratherabstractway;wehavesaidnothingabouthow list structures
andoperationson themshouldbe implementedin a program. In principle therecould be many waysof
implementinglist structures;in practicetherearetwo mainmethods:wemayuseeitherarraysor pointers.

Theeasiestway of implementinga list is to useanarraystructure.In Java we coulddeclarea list-of-
integersidentifier usingint[]. If we do this, we have to make surethat we implementoperationslike������� , �	��

� , � 

��� , and ����� � � � in theright way. For example,to ������� a new elementinto a list we have to
moveall theexistingelementsalongoneplaceandthenslot thenew elementinto thevacatedpositionat the
beginning.Thefollowing codeworks:

public static int[] cons(int a, int[] list)
{

int[] temp = new int[list.length+1];
temp[0]=a;
for (int i=1; i<temp.length; i++) temp[i]=list[i-1];
return temp;

}

Exercise: Write suitablecodefor thefunctions
����
��

, � 

��� , and ����� � � � usingthearrayrepresentation.
Anotherwayof implementinglists is usingpointers.This canbesetup usingthefollowing code:

public static class list
{

int head;
list tail;

public list(int h, list t)
{

head = h;
tail = t;

}
}

Thecodefor ������� is now almosttrivial:

public static list cons(int h, list t)
{

list l = new list(h,t);
return l;

}
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Exercise: Write codefor ���������! usingthepointerimplementationof lists.
Both thesemethodsimplementa commonunderlyingconceptof lists andtheir associatedoperations.

Supposesomeoneasked‘Haveyouimplementedlistscorrectly?’.Thisquestionis only meaningfulbecause
we have the underlyingconceptwhich exists separatelyfrom any particularimplementationsof it. The
underlyingconceptcanbethoughtof assettingthestandardfor possibleimplementations;it defineswhatis
to countasacorrectimplementation.A disciplinedway of programmingwill alwaysstartwith theabstract
conceptsandthenseekto implementthemcorrectly.

In this sectionwe shall look at a standardway of presentingtheseunderlyingabstractconcepts,which
areknown asabstractdatatypes. An abstractdatatypespecifiesasetof operationsonelementsof thetype,
andalsolaysdown somerelationswhich theseoperationsmustsatisfy.

Hereis a minimal specificationof the abstractdatatype "�#%$�&('*)�&+�(,.- . We assumethat the type )�&+�(,
hasalreadybeenspecified(if, for example,we areinterestedin listsof integers,thenwe’d replace)�&+�(, by
)��/&+��01�(2 throughout):

354!6�7 "�#8$�&�'*)�&9��,.-:<;�=�>@? A 6�7 =@BC>@DE;�FG? H 71I BC>@DE;�FG?
)�&9��,
"�#8$�&

�(,J�	&%KML�"�#8$�&N ��O
 PL�"�#%$�&�QR)�&+�(,TSVU@�(2W2YX@2�Z
&%O
#�[\L�"�#8$�&�QR"�#8$�&!S]U@�(2W2YX�2�Z^ X@��$_L�)�&+�(,a`]"�#8$�&bQc"�#8$�&

N ��O� �' ^ X���$
'EdGe+Kf-+-hgid
&9O
#�[+' ^ X���$�'Ed�e+KC-+-�giKN ��O� �'j��,J�	&8KC-�gk��2W2WX�2
&9O
#�[+'j�(,J�	&%Kf-bgl�(2W2YX@2

Of theoperations,�(,J�	&%K is a constant, ^ X@��$ is a constructorfunction(becauseit is usedfor building
up new lists out of old), and

N ��O� and &9O
#�[ areselectorfunctions(becausethey areusedfor picking out the
componentsfrom which a list is built). The relationsensurethat theseall bearthe correctrelationshipto
eachother, i.e., thatthey behave aswe wantthemto.

Note that the specificationis abstractin the sensethat it saysnothingaboutwhat lists actuallyare; it
merely sayswhat you can do to them and how they behave when you do it. Any collection of objects,
abstractor concrete,whichbehave in theway specifiedwill doasawayof implementinglists.

Using this minimal specificationof [E#8$�& we cango on to introducea richer repertoireof operations,
suchas "h�(�<0
& N , �������(�! , and mn�(o1�(2�$@� . Thesecanbedefinedusingrecurrencerelationsasin theprevious
section,andtheoremscanbeprovedabouthow they behave.

Wemightwanttospecify[E#8$�& in suchawaythattheseextraoperationsareincludedin thetypedefinition.
A richer "�#8$�& ADT is givenbelow:

354!6�7 "�#8$�&9pq'*)�&9��,.-:/;	=@>�? A 6�7 =@Bf>�Dr;�F�? H 7�I Bf>@DE;�F�?
)�&+�(,
"�#8$�&
)��/&+��0���2

�(,J�	&%KPL�"�#8$�&N ��O� PL�"�#8$�&�QR)�&+�(,TS.U@��2W2WX�2�Z
&%O
#�[\L�"�#%$�&�QR"�#%$�&!S.U@�(2W2YX�2�Z^ X���$_L�)�&+�(,s`]"�#8$�&tQu"�#8$�&
O����<�(�! vL�"�#8$�&w`x"�#8$�&bQR"�#8$�&
[*���<0�& N L�"�#8$�&�QR)��/&9�(0��(2
2Y��o���2Y$��yL
"�#8$�&bQc"�#8$�&

N ��O� �' ^ X���$
'EdGe+Kf-+-hgid
&9O�#8[9' ^ X���$�'Ed�e+KC-+-�giKN ��O� �'j�(,J��&8KC-�gz��2�2YX�2
&9O�#8[9'j��,J�	&%Kf-�gl�(2W2YX@2
O��������! �'j�(,J��&8K�e+d<-�g{d
O��������! �' ^ X���$
'EdGe+Kf-|e~}
-hg ^ X���$
'EdGe~O����<�(�! �'EK�e~}
-+-
[j�(�<0
& N 'j�(,J�	&%Kf-�gz�
[j�(�<0
& N ' ^ X���$�'Ed�e+KC-+-�gz[j���<0�& N 'EKf-��z�
2��(o1�(2�$���'j�(,J��&8KC-bgk�(,J��&8K
2��(o1�(2�$���' ^ X���$
'EdGe+Kf-+-�g

O����<�(�! �'E2���o��(2�$���'EKC-|e ^ X@��$�'Ed�e���,J�	&%Kf-+-
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Youmight think thatwe shouldaddsomefurtherrelationssuchas:

�����<�(�!���E�G���(�J�	�%�C�b�i�
�����<�(�!���E�G�~�������(�!���E���~�
�+�h�z�������(�!���*�������(�!���E���+�C�|�~�
�� ���<���+���*�������(�!���E���+�C�+��� � ���<���9�G�E�<�!� � ���<���+���E�C�
�Y�������Y�����E�������(�������E�/�+���i�� ���<���+���E���(�1�(���@�
�E�<�+�h� � �(�<���+���E�/�
�Y�������Y�����*���������!���E�G�+�f�+���k�����<�(�!���E�������(�������E�C�|�+���(�������@�
�E�<�+�

but thesewouldberedundantbecausethey canall beprovedto hold usingtherelationsalreadygiven.This
meansthatthey will beautomaticallysatisfiedin any correctimplementationof thedatatypeasgiven.
Exercise. We’ve alreadyprovedthesecondandthird of theserelationsin thesectionon Inductionon Lists.
Seeif youcanprove theothers.

2 Binary tr ees

Thetechniqueillustratedherefor specifyinglists canbeusedfor otherdatatypescommonlyusedin com-
puting. A frequentlyencounteredexampleis thebinary tree. An exampleis shown in Figure1. This tree
containselevennodes, eachlabelledwith a letter. Nodesareof two types,leafnodes(in thefigure,theseare� , � , � , � , � and � ), andbranch nodes( � , � , � , � , and � ). Eachbranchnodehastwo brancheshangingdown
from it, andthereis a nodeat theendof eachof thesebranches.Node � is the root nodeof thetree,from
which everythingelsehangs.Any of theothernodescanbe regardedasthe root nodeof a subtreeof the
tree.This givesusa way of describingthestructureof thetree.At thehighestlevel of description,thetree
consistsof therootnode� , which is abranchnodewith branchesto � and � , eachof which is in turn theroot
nodeof asubtree.Thesesubtreescanthenbedescribedsimilarly: theleft subtreeconsistsof its rootnode� ,
with branchesto nodes� and � which arebothleafnodes;andsimilarly with theright subtree.A leaf node
canberegardedasaminimalsubtree;thusanodeall on its own, with no branching,countsasabinarytree,
albeitrathera trivial one.

a

b

d e f

c

g

h i

j k

Figure1: A binarytree

We canthereforedescribethe recursive constructionof the type ��� �/�%�����
�* ��+�(�.� of binary treeswith
labelsof type  ��+�(� asfollows: given item � , we canform a minimal tree

� ��� � �E�<� ; andgiven item � and
trees¡ and ¢ we canform a tree �%�������E�G� ¡ � ¢ � which has� asits root node,with branchesto ¡ on theleft
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and £ on theright. Thusthetreein Figure1 canbeconstructedasfollows:
¤ ¥ ¦%§Y¨@¨�©*ª�«9¤G¬@«9¤<­�®
¤ ¬ ¥ ¦%§Y¨@¨�©j¯@«9¤/°Y«9¤�±�®
¤ ­ ¥ ¦%§Y¨@¨�©*²�«9¤/³Y«9¤<´�®
¤/°µ¥ ¶j¨�ª9·b©*¸�®
¤<±¹¥ ¶j¨�ª9·b©j¨@®
¤/³µ¥ ¦%§Y¨@¨�©j·�«9¤!º�«9¤<»�®
¤/´µ¥ ¶j¨�ª9·b©r¼1®
¤ º ¥ ¶j¨�ª9·b©j½�®
¤/»µ¥ ¦%§Y¨@¨�©E¾~«9¤/¿Y«9¤ ¬�À ®
¤/¿µ¥ ¶j¨�ª9·b©ÂÁ
®
¤ ¬�À ¥ ¶j¨�ª9·b©jÃC®

¤\¬�«9¤<­W«(Ä(Ä(Ä�«9¤\¬�À
canbeeliminatedfrom theseequationsto give thesingleratherhard-to-readequation

¤z¥z¦8§�¨�¨
©*ª	«+¦%§�¨�¨
©j¯�«~¶j¨�ª%·b©*¸1®|«~¶*¨�ª%·b©j¨�®+®|«+¦8§�¨@¨�©*²�«+¦8§�¨@¨�©j·�«~¶j¨�ª9·b©j½�®|«+¦%§�¨�¨�©E¾�«�¶j¨�ª9·b©ÂÁ
®Å«~¶j¨�ª9·b©jÃC®+®~®|«~¶Æ¨�ª%·b©r¼1®+®�®|Ä
Wenow specify

¯|¾ÆÇ/¦%§Y¨@¨
asanabstractdatatype:

È5É!Ê�ËnÌ�¾ÆÇ/¦%§�¨�¨
©*Í�¦+¨(Î.®
Ï<Ð�Ñ�Ò�Ó Ô Ê�Ë Ñ�ÕfÒ@ÖEÐ�×GÓ Ø Ë1Ù ÕfÒ@ÖEÐ�×GÓ
Í�¦+¨(Î
Ì�¾ÆÇ/¦%§Y¨@¨

¶j¨�ª%·.Ú�Í�¦9¨�ÎÜÛRÌ�¾ÆÇ/¦8§�¨@¨
¦%§�¨�¨nÚ�Í�¦+¨(ÎsÝxÌ�¾ÆÇ/¦%§�¨�¨yÝ]ÌÞ¾�Ç/¦8§�¨�¨5ÛRÌ�¾ÆÇ/¦%§Y¨@¨
§YßWß�¦�Ú�Ì�¾ÆÇ/¦%§�¨�¨5ÛRÍ�¦+¨(Î
¶j¨@·�¦|«+§W¾j¼�½C¦hÚ
ÌÞ¾�Ç/¦8§�¨�¨àÛcÌ�¾ÆÇ/¦%§Y¨@¨�á.â@¨�§�§Yß�§�ã

§YßWß�¦�©*¶j¨�ª9·b©Eä<®+®�¥iä
¶j¨�·�¦(©*¶j¨�ª9·b©Eä<®+®�¥l¨(§W§Yß@§
§W¾j¼�½C¦�©*¶j¨�ª%·b©Eä/®+®�¥k¨�§�§Yß�§
§YßWß�¦�©E¦%§�¨�¨�©EäG«+å�«~æ�®+®�¥iä
¶j¨�·�¦(©E¦%§Y¨@¨�©EäG«+å�«~æ
®+®h¥iå
§W¾j¼�½C¦�©E¦%§�¨�¨
©Eä�«+å�«~æ
®+®q¥zæ

As with lists, we cango on to definevariousotherfunctionson the
Ì�¾ÆÇ/¦8§�¨@¨

datatype. Two examples
are

¸�¨9ç	¦+½
, which givesthe lengthof the longestpathfrom theroot to a leaf in thetree;and

¶j¨�ª�è1¨�é
, which

givesthetotalnumberof leaves.Thesecanbedefinedby thefollowing recurrencerelations:
¸
¨+ç	¦+½�©*¶j¨�ª9·b©Eä<®+®�¥kê

(D1)¸
¨+ç	¦+½�©E¦%§Y¨@¨�©EäG«~ëì« £ ®+®�¥zÎxª�ät©*¸
¨9ç�¦9½G©*ëw®|«~¸
¨+ç	¦+½�© £ ®+®tízî (D2)

¶j¨�ª�è1¨�é�©*¶*¨�ª%·b©Eä/®+®�¥ïî
(Lvs1)¶j¨�ª�è1¨�é�©E¦8§�¨�¨
©Eä�«~ëð« £ ®+®�¥z¶j¨�ª
è�¨@é
©*ëq®�íñ¶j¨�ª
è�¨@é
© £ ® (Lvs2)

To seehow thesework, we computȩ

¨9ç�¦9½G©r¤ò®

for thetree
¤

of Figure1.
Since

¤/°�«9¤�±Y«9¤/´W«9¤<»W«9¤/¿W«9¤ ¬�À
areleaves,they all have depth0. Thenwe have

¸�¨9ç	¦+½�©r¤ ¬ ®�¥iÎxª
ä\©*¸�¨9ç	¦+½�©r¤/°�®|«~¸
¨+ç	¦+½�©r¤<±W®+®!ízîð¥zÎxª�ät©*ê1«~ê�®�ízîà¥óî
¸�¨9ç	¦+½�©r¤ » ®�¥iÎxª
ä\©*¸�¨9ç	¦+½�©r¤ ¿ ®|«~¸
¨+ç	¦+½�©r¤\¬�À�®!íiîà¥zÎxª�ät©*ê1«~ê�®�ízîà¥óî
¸�¨9ç	¦+½�©r¤/³�®�¥iÎxª
ä\©*¸�¨9ç	¦+½�©r¤!º�®|«~¸
¨+ç	¦+½�©r¤/»�®+®!ízîð¥zÎxª�ät©*ê1«�î�®�ízîà¥lô
¸�¨9ç	¦+½�©r¤ ­ ®�¥iÎxª
ä\©*¸�¨9ç	¦+½�©r¤/³�®|«~¸
¨+ç	¦+½�©r¤/´�®+®!ízîð¥zÎxª�ät©jô�«~ê�®�ízîà¥lõ
¸�¨9ç	¦+½�©r¤y®�¥iÎxª
ä\©*¸
¨+ç	¦+½�©r¤ ¬ ®|«~¸
¨+ç	¦9½G©r¤ ­ ®+®!ízîð¥iÎxª
ä\©9îW«�õ�®Gízîà¥iö

4



so ÷ hasdepth4 (thelengthof apathfrom theroot to leaf ø or leaf ù ).
Exercise. Computeújû�ü
ý�û@þ
ÿr÷�� for this tree.(Youranswershouldbe6.)

Thereis an importantrelationshipbetweenthedepthof a binary treeandthenumberof leavesit has.
This is expressedby thefollowing theorem:

Theorem. For any binarytree ÷ , ú*û�ü�ý1û�þ�ÿr÷��������	��

��������� .
Proof. Weuseinductionon �
û�������ÿr÷�� .
Basecase( �
û�������ÿr÷������ ). In this case÷ � újû�ü"!bÿ$#%� for some # , andwe have ú*û�ü�ý1û�þ�ÿr÷��&�(' . Since')����* , thebasecaseis established.
Inductionstep(from �
û+�,�+�Gÿr÷��-�/. to �
û+�,�+�Gÿr÷��-�/.10/' ). Assumeasinductionhypothesisthattheresult
holdsfor all treesof depth . or less,andlet �"2�û�û�ÿ$#436573689� beany treeof depth .:0;' . Then ��û+������ÿ<5�� and�
û�������ÿ<89� mustbothbe . or less,soby theinductionhypothesiswe have

újû�ü
ý�û@þ
ÿ<5������ �6�$

�����>=?� 3 újû�ü�ý1û�þ�ÿ<89����� �6�$

�����A@,�	B
Hence,by (Lvs2),

ú*û�ü�ý1û�þ�ÿ$�C2�û@û�ÿ$#D365E3689���F� ú*û�ü�ý1û�þ�ÿ<5G�H0 ú*û�ü�ý1û�þ�ÿ<89�� � �6��
I�����J=K� 0L� �	��

�����>@��� �NMO0L�NM� � M�P4Q �;� �	��

�����R�AS��C�	�RT�U =�U @��V�
asrequired. W
2.1 Minimum complexity for a sorting algorithm

We canusethe theoremjust proved to determinetheminimumcomplexity for any sortingalgorithm. As-
sumethat the sortingis achieved solely by meansof comparisonsbetweenelements.Thenthe algorithm
mustfollow a paththrougha binary treewhoseleavesareall the possiblepermutationsof the initial list.
Eachbranchpoint representsa comparisonbetweentwo elementsof the list, with a branchcorresponding
to eachof thetwo possibleorderings.This is shown in Figure2 for a list containingthreeelementsX ü,3	YZ36[]\ .
Theworst-casecomplexity is givenby thelengthof thelongestpathdown throughthetree,in thiscase3.

a<b?

b<c?

no

no

no

no

no

yes

yes

yes

yes

yes

b<c? a<c?

a<c?
abc

acb cab

bac

bca cba

Figure2: Decisiontreefor sortingthreeelements

For . elementsto besorted,the treehas ._^ leaves(onefor eachpossibleorderingof theelements).If
themaximumpathlengthis ù , then,by our theorem,thenumberof leavesis at most ��` , so ._^,�a��` , hence
ùcbedAf�g?hYÿ$._^R� . Now ù is a measureof thecomplexity of sorting . elements,sowe needanestimateof its
size.Wehave,first,

dAf�gihWÿ$._^R�j�adAf�gih�.k0ld�f�gmh�ÿ$.onp'Z�H0ld�f�gmh�ÿ$.onq�r�H0ts
s
s�0ldAf�gmh�ÿ+'Z��up.)dAf�gmhv._3
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andsecond,assumingw is even,xAy�zm{r| w_}R~�� � x�y�zm{ wk� xAy�zm{r| wo���Z~H���
�
� xAy�zi{�� w � �;�
������� xAy�zi{�� w � �&� xAy�zi{�� w � ���
���a�
�
��� xAy�zi{�| �Z~��
� w � xAy�z w � � w � ��� (sinceeachtermin theleft-handbracket is � xAy�z)� { and

eachtermin theright-handbracket,apartfrom thelast,is �/� )
� w � �IxAy�zm{ w � �a�
�:�p�
� w � xAy�z { wo�L�

Hencewehave �{ w x�y�z { w&�q�9� xAy�z,| w_}R~��pw xAy�z { w , so
xAy�zv| w_}R~_�/� | w xAy�z w4~ . Hence�:�t� | w xAy�z w4~ . This

givesusa lower boundfor thecomplexity of sorting w elements.It tells usthatno sortingalgorithmusing
comparisonsbetweenelementscanhave a worstcasecomplexity betterthan � | w xAy�z w4~ . Sincealgorithms
of thiscomplexity doexist (e.g.,Mergesort,Quicksort),wecansaythatthis is thecomplexity of theproblem
(not justof thisor thatalgorithm).

Not all sortingalgorithmsdo involve comparisonsbetweenelements.If thenumberof distinctelements
thatcanoccurin a list is finite andknown in advance(sayevery elementis known to bein theset � 1, 2, 3,
. . . , 100� ) thenwecanuseahighly efficientbucket-sort algorithm:simplysetupanarrayof “buckets”,one
for eachpossibleelement,andthenrun throughthe list puttingeachelementin its correctbucket. Finally
you readoff thesortedlist by runningthroughthebucketsin orderandretrieving their contents.This can
bedonein linear time, i.e., � | w4~ . However, thisdoesnot solve thegeneral sortingproblem.

3 Text files

Weshalltake asomewhatsimple-mindedapproachto thedefinitionof text files,which is nonethelesspow-
erful enoughto allow thedefinitionof awide rangeof word-processingoperators.

A text-file mayberegardedasa(possiblyempty)stringof characters,but from aword-processingview,
animportantconceptis whereyouare in thefile, i.e., thecurrentcursorposition.To modelthiswerepresent
thefile asa pair of characterstrings �<�7�6�9� , where� is thestringof charactersoccurringbeforethecursor,
and � is thestring occurringat or after thecursor. For technicalconvenience,� is given backwards,i.e.,
runningright to left from thepositionimmediatelyto theleft of thecursorto thebeginningof thefile. This
mayseemodd,but it actuallymakestheword-processingoperationsmucheasierto specify. Thefollowing
tableshows aselectionof files,andtheirpair representations.In thefiles thecharacterat thecursorposition
is underlined.Recallthatwe use� to representtheemptystring,containingno characters.

File � � Comments�K ¢¡¢£ ¤Z¥,¦ ¡
 ¢� £?¤Z¥,¦ Typicalfile�  ¢¡¢£?¤ � �K ]¡§£?¤ Cursorat startof file�K ¢¡¢£?¤ £i¡
 ]� ¤ Cursorat lastcharacter�K ]¡§£?¤ ¤Z£m¡
 ¢� � Cursoratendof file� � Emptyfile

We mustassumewe have a datatype ¨)© �iª , for the charactersthat canoccur in a file, and «­¬ ª�® w ¦ ,
for stringsof characters.Thenthe type ¯ ¤
° ¬ will be identifiedas «­¬ ª�® w ¦²± «³¬ ª�® w ¦ . The type «³¬ ª�® w ¦ is
essentiallythesameas � ®C´ ¬ | ¨9© �iª ~ , but for convenienceweintroduceacoupleof smallmodifications:first,
we’ll use � ratherthan µr¶ to denotetheemptystring,andsecond,we’ll define ¬ �i®�· | � �i¸² ¢£m� ~ to beequal
to � ratherthanleaving it undefined.Thereasonfor this move is thatit enablesusto defineoperationsand
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prove theoremsaboutthemmuchmoresimply. Thusthetype-specificationfor ¹ZºC»�¼¾½v¿ isÀ�ÁHÂjÃ9Ä ºC»�¼¾½v¿ÅvÆ,ÇZÈÊÉ Ë ÂjÃ ÇNÌÍÈÊÎ$Æ,Ï4É Ð ÃKÑ ÌÍÈÊÎ$Æ,Ï4ÉÄ ºC»�¼¾½v¿Ò9ÓÕÔ » Ö�×
Ä ºC»�¼¾½v¿Ø¢Ù ½D¹ ×
Ò)Ó�Ô »�Ú Ä º"»�¼¾½v¿ÜÛ Ä ºC»�¼¾½v¿Ó�ÝIÔ?Þ
×
Ä º"»N¼�½v¿ÜÛ Ò)Ó�Ô »Eßáà Ý »�» Ù »?âº Ô ¼�ã ×
Ä º"»�¼¾½v¿ÜÛ Ä º"»�¼¾½v¿

Ó,ÝIÔ?Þ,ä Ø§Ù ½D¹ ä<Ô,å�æèç�çGéaÔº Ô ¼Cã ä Ø§Ù ½D¹ ä<Ô�å�æêç�çjé�æÓ,ÝIÔ?Þ,ä
Ö
çjé;Ý »N» Ù »º Ô ¼Cã ä Ö
çëé
Ö

Thefunctionsìëírí Ý ½ Þ and î Ý
ïKÝ »r¹ Ý aredefinedfor stringsexactlyasfor lists.
Wenow definethedata-typeð Ý
ñ º to besimply

Ä ºC»�¼¾½v¿kÚ Ä ºC»�¼¾½v¿ . Thusthetextòró�ô�õrö�÷?øÊù�úÍûKürýiþ ÿ?ü ��� ö�� ���Eü�	Kômû�
ró�ô
�������
�?ü��
(with thecursorat the‘m’) wouldberepresentedasthestringpair

����� ñ Ù�� ½�� Ù »���� Ø ¼ �! ÝÊÓ ð å#" í�¹ Ù ïKÝ »�º Ó,Ý ã Ô�$�%9Þ Ù ¿'&
Wegoon to definevariousfamiliar word-processingoperationsin thecontext of thedata-typeð ÝIñ º .

Insertion. Insertionof acharacterat thecursorposition.For example,inserting
ó

into ( ��þ)�*��ô�÷��,+�þ-
Íü þ-�
shouldresultin ( �9þ.�*�,ô&÷'��+rþ-
ró�ü þ-� . We introducea new operation/1032 ×

Ò)Ó�Ô »&Úáð ÝIñ º�ÛFð ÝIñ º , with
therelation: /1042 ä<Ô,å �65 å î7& ç-é � Ø§Ù ½D¹ ä<Ô,å 5 ç]å î7&
Theinsertionoperationallows usto build up text-files of any length,startingwith theemptyfile, e.g.,

/1042 ä ò å � Ö
å
Ö &
çFé � ò å98 &

/1042 ä ó å � ò å98 & ç é � óKò å98 &
/1042 ä ô å � óÍò å98 & ç é � ô�óÍò å98 &

giving usthetext-file The .

Overwrite. This hasthesametypeas ¼�½D¹ Ý »Nº , i.e., :<;>= ×
Ò)ÓÕÔ »�Ú:ð Ý
ñ º Û ð Ý
ñ º , but its effect is a little

different,asall usersof word-processorsandtext-editorsknow:

:<;>= ä<Ô�å �65 å î7& çjé � Ø§Ù ½D¹ ä<Ô,å 5 ç]å º Ô ¼�ã ä î ç &
Compare:

/1042 ä û å@? ô�ÿ�÷'�Ió�ô��
� ø��A� ü�ö-
9ümÿ�
mó�ô
����ùÍô ç é ? ô�ÿÕ÷'�ZóÕô��
� ø��rû�� ü�ö-
9ümÿ�
móÕô
����ùÍô
:<;>= ä û å@? ô�ÿ�÷'�Ió�ô��
� ø��A� ü�ö-
9ümÿ�
mó�ô
����ùÍô ç é ? ô�ÿÕ÷'�ZóÕô��
� ø��rû ü�ö-
9üiÿ�
ró�ô�����ùÕô

Deletion. Therearetwo formsof deletioncommonlyusedin word-processors.Startingwith thefileòró�ô�õrö�÷?øÊù�úÍûKürýiþ ÿ?ü ��� ö�� ���Eü�	Kômû�
ró�ô
�������
�?ü��
adeletionoperationcouldresultin eitherofòró�ô�õ�öv÷?øÊù�úÍûKürýmþ9ÿKü �
� ö�� ��ü�	Kômû�
móÕô��������
�?ü��òró�ô�õ�öv÷?øÊù�úÍûKürýmþ9ÿKü �
� � �B�Eü�	Kômû�
móÕô��������
�?ü��
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(for example,in Word, thefirst typeof deletionoccurswhenyou presstheDel key, thesecondtypeoccurs
whenyoupressthebackspacekey). Weshallcall thefirst type‘delete’ ( CEDBF ), andthesecond‘back-delete’
( G4H,C ). They areoperationsof type I�JLK)MONPIQJRK)M . Note that if the cursoris at the endof the file, thenS JUTVJLM#J hasno effect,whereasif thecursoris at thebeginningof thefile, then WYX�Z\[ S JRTVJLM#J hasnoeffect. The
definitionsof theseoperationsare

CEDBF']#^6_a`9b7c#dfe ^6_E`#M@X�ghT#]6b7d#c
G4HiCE]#^6_a`9b7c#dfe ^�MjX�ghT#]6_,dk`9b7c

Cursor movement. We candefinefunctions‘cursor-left’ and‘cursor-right’ l3m3F�`\l3m3monBIQJLK.M�NpI�JLK)M
which have theeffect of theback-arrow andforward-arrow keys. Notethatif thecursoris at theendof the
file, then l3m3m hasno effect, while if thecursoris at thebeginningof thefile then l4mqF hasno effect; thus
thetwo operationsareexactlymirror imagesof oneanother. Therelationsare

l3m3F-]#^6_E`9b7c#dfe
r ^�M@X�ghT#]6_sdk`9ZYtvuxw�]Vy)JUX S ]6_,dk`9b7d#c (if _{ze}| )^6_E`9b7c (otherwise)

l4mqm3]#^6_E`9b7c#dfe
r ^6Z\tvuxw�]Vy.JRX S ]6b7dk`9_,dk`#M@X�ghT#]6b7d#c (if b~ze}| )^6_E`9b7c (otherwise)

As usual,we canusethesedefinitionsto prove theoremswhich tell us usefulor interestingpropertiesof
theoperationson thedata-type.For example,how arethe two ‘delete’ operationsrelatedto insertionand
overwrite?Theanswersaregivenby thefollowing theorems.You canverify theseempiricallyusingyour
favouritetext editor, but they canalsobestraightforwardlyprovedusingtherelationsbywhichtheoperations
aredefined—amorewatertightprocedure.

3.1 Someword-processingtheorems

1. �1�4��]6X.`RCEDBF�]���d#d�e��<�>m4]6X)`#��d . This saysthat if you deletethecharacterat thecursorandinserta
characterX , thenthis is equivalentto overwriting thecharacterat thecursorwith X , e.g.:���v��� �'�-���O�'�������B��� N ���v�'� �'���O�-�����A�B��� N ���*�-� �-�'���O�-�����A�B���

2. CaD!F-]@�1�4�x]6X.`#��d#d�e��4�Qm3]���d . If you insert the new characterfirst and then delete,againthis is
equivalentto overwriting:���*��� �-�'���O�-�����A�B��� N ���*�-��� �'�-���O�'�������B��� N ���v�'� �'�-���O�'�������B���

3. G<HiCa]@�1�4��]6X.`#��d#dOe�� . If you inserta characterandthenback-delete,this getsyou backto where
youstarted: ���v��� �-�'���O�'�����A�B��� N ���v�-��� �'���O�'�����A�B��� N ���v��� �-�'���O�'�����A�B���

4. �1�4��]Vy.JRX S ]6TVJ@�LML]���d#dk`UG4H,C�]���d#d�e�� . Here TVJ@�LM selectsthe first elementof an orderedpair (soTVJ@�LML]#^6_E`9b7c�e�_ ). So this theoremsaysthat if you back-delete,and then insert the the character
thatwasinitially immediatelyto theleft of thecursor, yougetbackto whereyou started:���v��� �'�-���O�'�������B��� N ���v� �-�'���O�-�����A�B��� N ���*��� �-�'���O�-�����A�B���

Theproof of thefirst of thesetheoremsis asfollows:

�1�4�x]6X.`RCEDBF�]#^6_E`9b7c#d#die��1�3��]6X)`U^6_a`#MjX�ghT#]6b7d#c#d,e�^6Z\t*uxw�]6X.`9_,dk`#M@X�ghT#]6b7d#cie �<�>m4]6X)`U^6_a`9b7c#d
Theothersareleft asanexercise.
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