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1 Lists

Up to now we have talkedaboutlistsin aratherabstractvay; we have saidnothingabouthow list structures
and operationson them shouldbe implementedn a program. In principle therecould be mary ways of
implementindist structuresin practicetherearetwo mainmethodswe may useeitherarraysor pointess.

The easiestvay of implementinga list is to usean arraystructure.In Java we could declarea list-of-
integersidentifierusingi nt [ ] . If we do this, we have to make surethat we implementoperationdike
cons, head, tail, and Append in theright way. For example,to cons a new elementinto alist we have to
move all the existing elementsalongoneplaceandthenslotthe new elemeninto thevacatedpositionatthe
beginning. Thefollowing codeworks:

public static int[] cons(int a, int[] list)

{
int[] tenp = new int[list.length+l];
t emp[ 0] =a;
for (int i=1;, i<tenp.length; i++) tenp[i]=list[i-1];
return tenp;
}

Exercise Write suitablecodefor thefunctionshead, tail, and Append usingthe arrayrepresentation.
Anotherway of implementindists is usingpointers.This canbe setup usingthe following code:

public static class list

{
i nt head;
list tail;
public list(int h, list t)
{
head = h;
tail =t;
}
}

The codefor cons is now almosttrivial:
public static list cons(int h, list t)
{

list | =newlist(h,t);
return |;
}



Exercise Write codefor Append usingthe pointerimplementatiorof lists.

Both thesemethodsimplementa commonunderlyingconceptof lists andtheir associateaperations.
Supposesomeonasled‘Have youimplementedists correctly?’. This questionis only meaningfulbecause
we have the underlyingconceptwhich exists separatelyfrom ary particularimplementationf it. The
underlyingconcepttanbethoughtof assettingthe standardor possibleémplementationsit defineswhatis
to countasacorrectimplementationA disciplinedway of programmingwill alwaysstartwith the abstract
conceptandthenseekto implementthemcorrectly

In this sectionwe shalllook at a standardvay of presentingheseunderlyingabstraciconceptswhich
areknowvn asabstiact datatypes An abstractatatype specifiesa setof opemationson elementof thetype,
andalsolaysdown somerelationswhich theseoperationgnustsatisfy

Hereis a minimal specificationof the abstractdatatype List(Item). We assumeéhatthe type Item
hasalreadybeenspecified(if, for example,we areinterestedn lists of integers,thenwe’'d replaceltem by
Integer throughout):

Type List(Item)
Sorts Operations Relations
Item | empty : List head(cons(z,y)) =z
List head : List — Item U {error} | tail(cons(z,y)) =y
tail : List — List U {error} head(empty) = error
cons : Item x List — List tail(empty) = error

Of the operationsempty is a constant cons is a constructorfunction (becausét is usedfor building
up new lists out of old), andhead andtail areselectorfunctions(becausehey areusedfor picking outthe
componentgrom which a list is built). Therelationsensurethattheseall bearthe correctrelationshipto
eachother i.e.,thatthey behae aswe wantthemto.

Note that the specificationis abstractin the sensehatit saysnothingaboutwhat lists actuallyare; it
merely sayswhat you cando to themand how they behae whenyou do it. Any collection of objects,
abstracor concretewhich behae in theway specifiedwill do asaway of implementingdists.

Using this minimal specificationof list we cango on to introducea richer repertoireof operations,
suchasLength, Append, and Reverse. Thesecanbe definedusingrecurrenceelationsasin the previous
section,andtheoremscanbe proved abouthow they behae.

We mightwantto specifylist in suchawaythattheseextraoperationsreincludedin thetypedefinition.
A richer List ADT is givenbelow:

Type List™ (Item)

Sorts Operations Relations
Item empty : List head(cons(z,y)) =z
List head : List — Item U {error} | tail(cons(z,y)) =y
Integer | tail : List — List U {error} head(empty) = error
cons : Item X List — List tail(empty) = error
append : List x List — List append(empty, ) = z
length : List — Integer append(cons(z,y),z) = cons(z,append(y, z))
reverse : List — List length(empty) =0
length(cons(z,y)) = length(y) + 1
reverse(empty) = empty
reverse(cons(z,y)) =
append(reverse(y), cons(z, empty))




You mightthink thatwe shouldaddsomefurtherrelationssuchas:

append(x,empty) = x

append(z, append(y, z)) = append(append(z,y), z)
length(append(z,y)) = length(z) + length(y)
reverse(reverse(z)) =«

length(reverse(x)) = length(z)

reverse(append(z,y)) = append(reverse(y), reverse(x))

but thesewould beredundanbecausé¢hey canall be provedto hold usingthe relationsalreadygiven. This
meanghatthey will be automaticallysatisfiedn ary correctimplementatiorof the datatypeasgiven.
Exercise We've alreadyprovedthe secondandthird of theserelationsin the sectionon Inductionon Lists.
Seeif you canprove theothers.

2 Binary trees

Thetechniquaellustratedherefor specifyinglists canbe usedfor otherdatatypescommonlyusedin com-
puting. A frequentlyencountereaxampleis the binary tree An exampleis shavn in Figure 1. Thistree
containselevennodes eachlabelledwith aletter Nodesareof two types,leafnodeq(in thefigure,theseare
d, e, g, h,  andk), andbrandch noded(a, b, ¢, f, andi). Eachbranchnodehastwo branche$angingdown
from it, andthereis a nodeat the endof eachof thesebranchesNodeq is the root nodeof thetree,from
which everythingelsehangs.Any of the othernodescanbe regardedasthe root nodeof a subtee of the
tree. This givesusaway of describingthe structureof thetree. At the highestlevel of descriptionthetree
consistof therootnodea, whichis abranchnodewith brancheso b and¢, eachof whichis in turntheroot
nodeof asubtree Thesesubtreesanthenbedescribedimilarly: theleft subtreeconsistof its root nodeb,
with branchego nodesd ande which arebothleaf nodes;andsimilarly with theright subtree A leafnode
canberegardedasa minimal subtreethusa nodeall onits own, with no branchingcountsasabinarytree,
albeitratheratrivial one.

Figurel: A binarytree

We canthereforedescribethe recursve constructionof the type Bintree(Item) of binary treeswith
labelsof type I'tem asfollows: givenitem z, we canform a minimal treeleaf (x); andgivenitem z and
treesL and R we canform atreetree(z, L, R) which hasz asits root node,with branchedo L ontheleft



and R ontheright. Thusthetreein Figurel canbe constructedisfollows:

T = tree(a,T1,Ts)
Ty = tree(b,Ts,Ty)
Ty = tree(c,T5,T5)
T3 = leaf(d)

Ty = leaf(e)

Ts = tree(f,T7,Tg)
Ts = leaf(g)

T; = leaf(h)

Ty = tree(i,Tg,T1o)
Ty = leaf(j)
Tio = leaf(k)

T1,Ts,...,T canbeeliminatedfrom theseequationgo give the singleratherhard-to-readkquation
T = tree(a, tree(b, leaf (d), leaf (€)), tree(c, tree(f,leaf (h), tree(i, leaf (j),leaf (k))),leaf (g)))-

We now specifybintree asanabstractdatatype:

Type Bintree(Item)

root : Bintree — Item
left,right : Bintree — Bintree U {error}

Sorts Operations Relations
Item leaf : Item — Bintree root(leaf (z)) =
Bintree | tree: Item x Bintree x Bintree — Bintree | left(leaf(x)) = error

right(leaf (z)) = error
root(tree(x,y,z)) =«

left(tree(z,y,z)) =y
right(tree(z,y,z)) =z

As with lists, we cango on to definevariousotherfunctionson the Bintree datatype. Two examples
aredepth, which givesthe lengthof the longestpathfrom the root to aleaf in thetree;andleaves, which
givesthetotal numberof leaves. Thesecanbedefinedby thefollowing recurrenceelations:

depth(leaf(z)) =0 (D1)
depth(tree(z, L, R)) = mazx(depth(L),depth(R)) + 1 (D2)
leaves(leaf (z)) =1 (Lvsl)
leaves(tree(z, L, R)) = leaves(L) + leaves(R) (Lvs2)

To seehow thesework, we computedepth(T') for thetreeT of Figurel.
SinceTs, Ty, Tg, Ts, Ty, T1o areleaves,they all have depth0. Thenwe have

depth(T1) = max(depth(T3),depth(Ty)) + 1 = maz(0,0) +1 =1
depth(Tg) = max(depth(Ty),depth(Tyy) +1 = maa:((), 0)+1=1
depth(Ts) = max(depth(T7), depth(Ts)) + 1 = maz(0,1) + 1 = 2
depth(T3) = max(depth(Ts), depth(Ts)) + 1 = maz(2,0) + 1=3
depth(T) = maz(depth(T}),depth(T3)) + 1 = max(1,3) +1 =4
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soT hasdepth4 (thelengthof a pathfrom therootto leaf 5 or leaf k).
Exerccise Computeleaves(T) for thistree.(Youranswershouldbe6.)

Thereis animportantrelationshipbetweenthe depthof a binary treeandthe numberof leavesit has.
Thisis expressedy thefollowing theorem:

Theorem. For ary binarytreeT, leaves(T) < 2%Pth(T),

Proof. We useinductionondepth(T).

Basecase(depth(T) = 0). In this caseT = leaf(z) for somez, andwe have leaves(T) = 1. Since
1 < 29 thebasecaseis established.

Inductionstep(from depth(T') = n to depth(T") = n + 1). Assumeasinductionhypothesighattheresult
holdsfor all treesof depthn or less,andlet tree(z, L, R) beary treeof depthn + 1. Thendepth(L) and
depth(R) mustbothben or less,soby theinductionhypothesisve have

leaves(L) < 2%epth(L) leaves(R) < 2%Pth(R)
Hence by (Lvs2),
leaves(tree(z,L,R)) = leaves(L) + leaves(R)
< 2depth(L) + 2depth(R)
— gnt+l _ 2depth(tree(ac,L,R))
asrequired. O

2.1 Minimum complexity for a sorting algorithm

We canusethe theoremjust proved to determinethe minimum compleity for ary sortingalgorithm. As-
sumethatthe sortingis achieved solely by meansof comparisondetweenelements.Thenthe algorithm
mustfollow a paththrougha binary treewhoseleaves areall the possiblepermutationof the initial list.
Eachbranchpoint represents comparisorbetweenwo elementf thelist, with a branchcorresponding
to eachof thetwo possibleorderings.Thisis shavn in Figure2 for alist containingthreeelementga, b, c].
Theworst-case&ompleity is givenby thelengthof thelongestpathdown throughthetree,in this case3.

ach cab bca cha

Figure2: Decisiontreefor sortingthreeelements

For n elementdo be sorted,thetreehasn! leaves(onefor eachpossibleorderingof the elements).If
the maximumpathlengthis &, then,by our theoremthe numberof leavesis atmost2*, son! < 2¥, hence
k > logs(n!). Now k is a measureof the compleity of sortingn elementssowe needan estimateof its
size.We have, first,

logo(n!) =logyn + logy(n — 1) + logy(n — 2) + -+ - 4+ logy (1) < nlogsy n,
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andsecondassumingn is even,

n n n
log,(n!) = [logzn +logy(n — 1) + - - - log, (5 + 1)] + [log2 (5) + log, (5 — 1) 4+t log2(1)]
s Pl 1 (sinceeachtermin theleft-handbracletis > log 5 and
2 %951y eachtermin theright-handbraclet, apartfrom thelast,is > 1)

n n

= §<log2§+1)—1
n

= ilogzn—l

Hencewe have 1nlog, n — 1 < log(n!) < nlog, n, solog(n!) = O(nlogn). Hencek > O(nlogn). This
givesusalower boundfor the complity of sortingn elementslt tells usthatno sortingalgorithmusing
comparisondetweerelementanhave a worstcasecompleity betterthan©®(n logn). Sincealgorithms
of thiscompl«ity doexist (e.g.,Mergesort,Quicksort) we cansaythatthisis thecompleity of theproblem
(notjustof this or thatalgorithm).

Not all sortingalgorithmsdo involve comparisonbetweerelementsl!f thenumberof distinctelements
thatcanoccurin alist is finite andknown in advance(sayevery elementis known to bein theset{1, 2, 3,
..., 100}) thenwe canuseahighly efficientbucket-sort algorithm:simply setup anarrayof “buckets”, one
for eachpossibleelementandthenrun throughthelist putting eachelementin its correctbucket. Finally
you readoff the sortedlist by runningthroughthe bucketsin orderandretrieving their contents.This can
bedonein linear time,i.e., ©(n). However, this doesnot solve thegeneal sortingproblem.

3 Textfiles

We shalltake a somavhatsimple-mindedapproacho the definition of text files, which is nonethelespow-
erful enoughto allow thedefinitionof awide rangeof word-processingperators.

A text-file mayberegardedasa (possiblyempty)string of charactershut from aword-processingiew,
animportantconceptis wheie youarein thefile, i.e., thecurrentcursorposition. To modelthis we represent
thefile asa pair of charactestrings(L, R), whereL is the stringof character®ccurringbeforethe cursor
and R is the string occurringat or afterthe cursor For technicalcorvenience,L is given backwards,i.e.,
runningright to left from the positionimmediatelyto theleft of the cursorto the beginning of thefile. This
may seemodd, but it actuallymakesthe word-processing@perationsnucheasierto specify Thefollowing
tableshavs aselectionof files, andtheir pair representationdn thefiles the characteatthe cursorposition
is underlined .Recallthatwe useA to representhe emptystring,containingno characters.

File L R Comments
abcdefg | cba | defg | Typicalfile
abede A abcde | Cursorat startof file

abede | dcba e Cursoratlastcharacter
abede_ | edcba A Cursoratendof file
A A | Emptyfile

We mustassumene have a datatype Char, for the characterghat canoccurin afile, and String,
for stringsof charactersThenthe type T ezt will beidentifiedas String x String. Thetype String is
essentiallthesameasList(Char), but for conveniencene introducea coupleof smallmodificationsfirst,
we’'ll useA ratherthan| ] to denotethe emptystring, andsecondwe’ll definetail(Lambda) to be equal
to A ratherthanleaving it undefined.Thereasorfor this move is thatit enablesisto defineoperationsand



prove theoremsaboutthemmuchmoresimply. Thusthetype-specificatiorior string is

Type String
Sorts Operations Relations
String | A: String head(cons(a, X)) = a
Char cons : Char x String — String tail(cons(a, X)) = X
head : String — Char U {error} | head(A) = error
tail : String — String tail(A) = A

ThefunctionsAppend and Reverse aredefinedfor stringsexactly asfor lists.
We now definethe data-typelext to besimply String x String. Thusthetext

The quick brown fox jumps over the lazy dog
(with thecursoratthe‘m’) would berepresentedsthe string pair
(ug zof nworb kciuq ehT, mps over the lazy dog)

We go onto definevariousfamiliar word-processingperationsn the context of the data-typelext.

Insertion. Insertionof acharacteatthecursorposition. For example,insertingh into My name is Antony
shouldresultin My name is Anthony. We introducea new operationINS : Char x Text — Text, with
therelation:

INS(a, (L, R)) = (cons(a, L), R)

Theinsertionoperationallows usto build up text-files of ary length,startingwith theemptyfile, e.qg.,

INS(T, (A,A)) = (T,A)
INS(h, (T, A)) = (uT,A)
INS(e, (hT,A)) = (ehT,A)

giving usthetext-file The_.

Overwrite. This hasthesametypeasinsert, i.e.,OVR : Char x Text — Text, but its effectis alittle
different,asall usersof word-processorandtext-editorsknow:

OVR(a, (L, R)) = (cons(a, L), tail(R))
Compare:
INS(r,He fished a cap out of the lake) = He fished a carp out of the lake
OVR(r,He fished a ca£ out of the lake) = He fisheda car__out of the lake
Deletion. Therearetwo forms of deletioncommonlyusedin word-processorsStartingwith thefile
The quick brown fox jumps over the lazy dog
adeletionoperationcouldresultin eitherof

The quick brown fox jups over the lazy dog
The quick brown fox jmps over the lazy dog
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(for example,in Word, the first type of deletionoccurswhenyou pressthe Del key, the secondype occurs
whenyou presshebackspacé&ey). We shallcall thefirst type‘delete’ (DEL), andthe secondback-delete’
(BKD). They areoperationsof type Text — Text. Notethatif the cursoris at the endof thefile, then
delete hasno effect, whereasf thecursoris atthe beginning of thefile, thenbackdelete hasno effect. The
definitionsof theseoperationsare

DEL((L,R)) = (L,tail(R))
BKD((L,R)) = (tail(L),R)

Cursor movement. We candefinefunctions‘cursorleft’ and‘cursorright’ CRL, CRR : Text — Text
which have the effect of the back-arrev andforward-arrev keys. Notethatif the cursoris attheendof the
file, thenCRR hasno effect, while if the cursoris at the beginning of thefile thenCRL hasno effect; thus
thetwo operationsareexactly mirror imagesof oneanother Therelationsare

CRL((L,R)) = { (tail(L),cons(head(L),R)) (if L # A)

(L, R) (otherwise)
_ (cons(head(R), L), tail(R)) (if R # A)
CRR((L, B)) = { (L, R) (otherwise)

As usual,we canusethesedefinitionsto prove theoremswhich tell us usefulor interestingpropertiesof
the operationson the data-type.For example,how arethe two ‘delete’ operationgelatedto insertionand
overwrite? Theanswersaregiven by the following theorems.You canverify theseempirically usingyour
favouritetext editor, but they canalsobestraightforvardly provedusingtherelationsby whichtheoperations
aredefined—amorewatertightprocedure.

3.1 Someword-processingheorems

1. INS(a,DEL(X)) = OVR(a, X). This saysthatif you deletethe characteiat the cursorandinserta
charactem, thenthis is equivalentto overwriting the characteat the cursorwith a, e.9.:

Commuter Science — Comuter Science — Computer Science

2. DEL(INS(a, X)) = OVR(X). If you insertthe new characterfirst and then delete,againthis is
equivalentto overwriting:

Commuter Science — Compmuter Science — Comguter Science

3. BKD(INS(a, X)) = X. If youinserta characteandthenback-deletethis getsyou backto where
you started:

Commuter Science — Compmter Science — Commuter Science

4. INS(head(left(X)),BKD(X)) = X. Hereleft selectsthe first elementof an orderedpair (so
left((L, R) = L). Sothistheoremsaysthatif you back-deleteandtheninsertthe the character
thatwasinitially immediatelyto theleft of the cursor you getbackto whereyou started:

Commuter Science — Comuter Science — Commuter Science

The proof of thefirst of thesetheoremss asfollows:
INS(a, DEL({L, R))) = INS(a, (L, tail(R))) = (cons(a, L), tail(R)) = OVR(a, (L, R))

Theothersareleft asanexercise.



